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CARDY ALGEBRAS, SEWING CONSTRAINTS AND STRING-NETS
MATTHIAS TRAUBE
Abstract. In [SY19] it was shown how string-net spaces for the Cardy bulk algebra in
the Drinfeld center Z(C) of a modular tensor category C give rise to a consistent set of
correlators. We extend their results to include open-closed world sheets and allow for more
general field algebras, which come in the form of (C|Z(C))-Cardy algebras. To be more
precise, we show that a set of fundamental string-nets with input data from a (C|Z(C))-
Cardy algebra gives rise to a solution of the sewing constraints formulated in [KLR14] and
that any set of fundamental string-nets solving the sewing constraints determine a (C|Z(C))-
Cardy algebra up to isomorphism. Hence we give an alternative proof of the results in
[KLR14] in terms of string-nets.
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1. Introduction
String-net spaces were originally introduced by Levin and Wen in [LW05] in order to describe
phenomena of topological phases of matter on surfaces. Roughly speaking a string-net is an
equivalence class of an embedded graph on a surface S with boundary. Based on earlier works
[KKR10][KMR10] a precise mathematical formulation of string-nets was given by Kirillov in
[Kir11] and it can be seen as a higher genus enhancement of the graphical calculus for tensor
categories where the usual relations hold on any embedded disk. Similar discussions of categories
on surfaces have appeared in [HK19][Har19] for the case of a cylinder. In a series of papers
[KB10][Bal10a][Bal10b][Kir11] it was shown how an appropriately defined vector space of formal
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linear combinations of string-nets is equivalent to the state space of the Turaev-Viro three
dimensional topological field theory (TFT) based on C or equivalently to the state space of the
Reshetikhin-Turaev (TFT) for Z(C).
Two dimensional rational conformal field theory (RCFT) on the other hand has a cate-
gorical description in the form of the FRS (Fuchs-Runkel-Schweigert)-formalism developed in
[FRS02][FFRS06][FRS05][FRS04b][FRS04a], where the state space of the Reshetikhin-Turaev
TFT features prominently. The monodromy data of an RCFT is described by a modular tensor
category and the bulk field algebra is a Frobenius algebra Hcl in Z(C). The space of closed con-
formal blocks on a compact surface Sg
n|m of genus g with n incoming andm outgoing boundaries
is ZRT,Z(C)(H
∗
cl, . . . ,H
∗
cl,Hcl, . . . ,Hcl) with n copies of H
∗
cl and m copies of Hcl. A consistent set
of correlators in the RCFT is an assignment of an element in ZRT,Z(C)(H
∗
cl, . . . ,H
∗
cl,Hcl, . . . ,Hcl)
for all surfaces Sg
n|m s.th. the vectors are invariant under the action of the mapping class group
and behave equivariant under sewings of surfaces. That is, there should exist a map for sewing
correlators and sewn correlators should agree with the correlator on the sewn surface. The
equivalence between string-net spaces and spaces of conformal blocks was used in [SY19] to show
that a given set of genus zero string-nets with boundary value given by the Cardy-Frobenius
algebra in Z(C) indeed give rise to consistent correlators.
In this paper we generalize their result in two directions: Firstly we allow for world sheets
with open and closed field insertions. This leads to a formulation of sewing constraints in
terms of the category WS of open-closed world sheets given in [FFRS06]. String-nets on open-
closed world sheets still give a symmetric monoidal functor BL : WS→ Vect. Solving sewing
constraints for such a symmetric monoidal functor was reduced in [KLR14] to a set of 32
relations, which have to be satisfied. The second generalization concerns the input data for
the construction. We allow arbitrary (C|Z(C))-Cardy algebras as inputs. Based on an operadic
formulation for vertex operator algebras (VOA), Cardy algebras were introduced in [Kon08a]
and formulated entirely in terms of category theory in [KR09]. A (C|Z(C))-Cardy algebra
encodes the necessary data for an open-closed RCFT in genus one and zero and consists of
a triple (Hcl,Hop, ιclop), where Hop, Hcl are Frobenius algebras in C and Z(C) respectively,
together with an algebra map ιcl−op : Hcl → Lou(Hop). Here Lou : C → Z(C) is the adjoint
functor to the forgetful functor. This data has to satisfy three conditions: modularity, the center
property and finally the Cardy condition. In [KLR14] it was shown, using the Reshetikhin-
Turaev TFT, that Cardy algebras give rise to a consistent set of correlators and vice versa.
The category WS is generated by a set
(1.1)
{
Om, O∆, Oη, Oǫ, Oprop, Cm, C∆, Cη, Cǫ, Cprop, I, I
†
}
of fundamental world sheets. With the help of the (C|Z(C))-Cardy algebra we define correlators
(1.2)
corr =
{
corr
op
prop, corr
op
m corr
op
∆ , corr
op
η , corr
op
ǫ , corr
cl
prop, corr
cl
m, corr
cl
∆, corr
cl
η , corr
cl
ǫ , corrI , corrI†
}
in terms of string-nets and the first main result, which is Theorem 6.2, is
Theorem I. The set of correlators corr gives a solution to the sewing constraints for the
conformal block functor Bl with boundary data determined by the (C|Z(C))-Cardy algebra.
Assuming a solution to the sewing constraints for Bl exists, we also show that the converse
is true, which is our second main result (Theorem 6.9 in the text)
Theorem II. An assignment of fundamental string-net correlators based on boundary data
(Ĥcl, Ĥop) in C and Z(C) solving the sewing constraints determines a (C|Z(C))-Cardy algebra
(Hcl,Hop, ιcl−op) which is unique up to isomorphism.
The proofs of the theorems very much use the fact that the graphical calculus in C carries
over to string-nets on surfaces. Hence the graphical representation of consistency relations for
Cardy algebras appear directly as string-nets on surfaces and can be manipulated accordingly.
This renders the proof very tractable. As an example, figure 1 shows a correlator world sheet.
Purple curves denote open insertions, orange ones correspond to closed insertion. Vertices stand
for structure morphisms of the Frobenius algebras in The Cardy algebras and squares denote
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Figure 1. Example of an open-closed correlator on a genus 1 surface with
two open insertions and one closed insertion.
open-closed embedding maps. In addition there are circle decorations where world sheets are
glued. All of these ingredients will be explained in the core of the text.
The paper is organized as follows. In section 2 we give an account of the necessary categorical
preliminaries, including modular tensor categories, the Drinfeld center and Frobenius algebras
in tensor categories. In section 3 we motivate Cardy algebras and recall their definition from
[KR09]. In section 4 string-net spaces are discussed based on [Kir11]. In all of the paper we
abusively use the term string-net to refer to an whole equivalence class of string-nets. The
definition of the category of world sheets WS from [FFRS06] and the formulation of sewing
constraints given in [KLR14] is recalled in section 5. Section 6 is the main part of the paper and
contains the precise formulation of the above theorems, as well as their proofs. In the appendix
we display the generating world sheets and the sewing relation for the readers convenience.
Acknowledgement: The author thanks Ralph Blumenhagen for valuable discussions and
having a look on a first draft of this paper.
2. Categorical Preliminaries
As stated in the introduction two dimensional (rational) conformal field theory can be conve-
niently described in categorical terms. This section serves as a reminder of the necessary terms,
together with the relevant graphical calculus. A classical source for the material presented here
is e.g. [EGNO16].
Let C be an abelian K-linear category, i.e. for any morphism φ, Ker(φ), Coker(φ) and Im(φ)
exist and moreover for A, B ∈ C, HomC(A,B) is a K-vector space. A monoidal structure
on C is a bilinear bifunctor ⊗ : C × C → C with associativity and unit natural isomorphisms
which are assumed to be identities in this paper. Thus we always consider strictly monoidal
categories. The unit object for ⊗ is denoted by 1. A braiding on (C,⊗) is a natural isomorphism
βA,B : A⊗B → B⊗A. In the graphical calculus about to be introduced all diagrams run from
bottom to top. Graphically βA,B is depicted by
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A B
B A
Figure 2. βA,B
A B
B A
Figure 3. β−1A,B
.
Besides a braiding, C is required to have dualities. For A ∈ C a right (left) dual is a triple
(A∗, evA, coevA) (
∗A, e˜vA, c˜oevA) of an object A
∗ (∗A) with morphisms
A
A
A
A
evA coevA e˜vA c˜oevA
The morphisms satisfy straightening properties
=
with similar pictures for left duality. A monoidal category for which every object has right
and left duals is called rigid. In a rigid category there is the obvious isomorphism ∗ (A∗) ≃
A ≃ (∗A)∗. A pivotal structure in (C,⊗) is a natural isomorphism π : IdC → (•)
∗∗. In fact any
pivotal category is equivalent to a strict pivotal category, i.e. π = IdIdC . It easily follows that
for a strict pivotal category left and right dualities coincide. In a rigid, strictly pivotal category
there are left and right traces for endomorphisms
f
trr(f) trl(f)
. If tr(f) = trr(f) = trl(f) holds in C, C is called spherical. We introduce the notation
dA = tr(IdA). A twist on (C,⊗, β) is a natural isomorphism θ : IdC ⇒ IdC satisfying θA⊗B =
(θA ⊗ θB) ◦ βB,A ◦ βA,B. The twist isomorphism is depicted as
.
A rigid, pivotal, braided tensor category is ribbon if it has twist. Having defined all the
necessary structure on C we also want to control its size. Thus we require morphism vector
spaces to be finite dimensional. Recall that an object A ∈ C is simple if HomC(A,A) ≃ K IdC.
If the set of isomorphism classes of simple objects is finite and every object is isomorphic to a
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direct sum of finitely many simple objects, the category is called semisimple. A ribbon category
C is fusion if it is semisimple. Being semisimple has far reaching consequences, e.g. for any
object there are maps bαi : A
≃
→
⊕
i∈I(C) U
⊕ni
i → Ui, with α ∈ {1, . . . , ni}, where the second
map is the projection to the α’s Ui summand and a dual map b
j
β : Ui →
⊕
i∈I(C) U
⊕ni
i
≃
→ A.
These maps are dual in the following sense
(2.1)
∑
i∈I(C)
ni∑
α=1
biα ◦ b
α
i = IdA, b
α
i ◦ b
j
β = δijδαβIdUi .
Graphically we represent the duality as
A
=i
A
α
α∑
i∈I(C)
ni∑
α=1
A
and
=
α
β
i
A
j
iδijδαβ
In addition for a semisimple category di = tr (Ui) 6= 0 and the global dimension is defined as
D2 =
∑
i∈I(C) di. We state one more relation, which will be used in the proof of theorem 6.2.
A proof can be found in e.g. [BK01, Corollary 3.1.11].
Lemma 2.1. For l ∈ I(C) it holds
∑
k∈I(C)
dk
D2
l
k
=
l
δl,0
.
One more ingredient for a modular tensor is needed, namely the S-isomorphism
i jsij =
Definition 2.2. A modular tensor category is a spherical, ribbon fusion category s.th. sij is
invertible for all isomorphism classes i = [Ui], j = [Uj ] of simple objects.
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In C there exists a pairing
(2.2)
HomC(A,B)⊗K HomC(B,A)→ K
f ⊗ g 7→ (f, g) ≡ tr(g ◦ f)
which for C semisimple is non-degenerate. We are mainly interested in morphism spaces
HomC(1, •) for which we introduce some notation.
Definition 2.3. Let A1, . . . , An ∈ C, then
(2.3) 〈A1, . . . , An〉 ≡ HomC(1, A1 ⊗ · · · ⊗An)
Lemma 2.4. There is a functorial isomorphism of vector spaces 〈A1, . . . , An〉 ≃ 〈An, A1, . . . , An+1〉.
Proof. The functorial isomorphism is given by
A1 An
φ
7→
φ
An
which clearly has an inverse given by composing inverses of braiding and twist. 
As only the cyclic order of 〈A1, . . . , An〉 matters, instead of rectangular boxes for morphisms
we introduce coupons in the graphical calculus
φ
A1
An
≡
φ
A1 An
For an arrow oriented towards the coupon with label A the respective element gets replaced by
A∗. Coupons can be composed with the help of the evaluation morphisms.
≡φ ψ
φ ψ
The following lemma can be found in [KB10]
Lemma 2.5. For any A ∈ C there are isomorphisms
a) =
i A i
φ ψ
(ψ,φ)
di
i
b) For
{
biα
}
a basis in 〈i, A∗n, . . . A
∗
1〉 with dual basis {b
α
i } in 〈i, A1, . . . An〉 in the sense
that (biα, b
β
j ) = δijδαβ it holds
i
∑
i∈I(C)
di
An
A1
An
A1
=b b
A1 An
where the b-b coupons indicate summation over basis and dual basis.
The second relation is called completeness property and will be used several times.
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2.1. Frobenius Algebras in Tensor Categories. Frobenius algebras are usually defined as
associative algebras on finite dimensional vector spaces having a non-degenerate bilinear form
compatible with the algebra multiplication. In this form Frobenius algebras correspond to two
dimensional TFTs, see e.g. [LP08]. The notion of a Frobenius algebra has an enhancement
to categories and the above notion correspond to a Frobenius algebra in Vect, the category of
finite dimensional vector spaces.
Definition 2.6. Let (A,⊗,1) be a tensor category. A Frobenius algebra in A with underlying
object A consists of morphisms
m : A⊗A→ A η : 1→ A ∆ : A→ A⊗A ǫ : A→ 1
where all strands are colored with A. These have to satisfy:
I) (m, η) define an associative algebra on A:
= = =
II) (∆, ǫ) define a coassociative coalgebra on A:
= = =
III) The Frobenius properties hold
= =
.
If A is in addition pivotal, we can ask for (A,m, η,∆, ǫ) to be symmetric, i.e. there is an equality
of morphisms
=
For A braided, we can require (A,m, η,∆, ǫ) to be (co-)commutative, i.e.
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= =
We will use Frobenius algebras in modular tensor categories. If the category in question is
the representation category of a rational vertex operator algebra this corresponds to RCFTs
very much like Frobenius algebras in Vect correspond to TFTs.
2.2. Drinfeld Center. For B a strictly monoidal category its Drinfeld center Z(B) has objects
(B, βB,•) where βB,• : B ⊗ • ⇒ • ⊗B is a natural isomorphism called half braiding s.th.
(2.4) βA,B⊗C = (IdB ⊗ βA,C) ◦ (βA,B ⊗ IdC)
. Morphisms in Z(B) are morphisms f ∈ HomB(A,B) s.th.
(2.5) βB,C ◦ (f ⊗ IdC) = (IdC ⊗ f) ◦ βA,C .
The Drinfeld center becomes a monoidal category with tensor product
(2.6) (A, βA,•)⊗ (B, βB,•) = (A⊗B, βA⊗B,•), βA⊗B,C = (βA,C ⊗ IdB) ◦ (IdA ⊗ βB,C)
Note that B does not need to be braided. But Z(B) is naturally braided with braiding given by
(2.7) β
Z(B)
(A,βA,•),(B,βB,•)
= βA,B .
There exists an obvious forgetful functor F : Z(B) → B forgetting the half braiding. For B a
modular tensor category it is shown in [KR09] that the adjoint of the forgetful functor reads
(2.8)
Lou : B→ Z(B)
B 7→
L(B) = ⊕
i∈I(B)
B ⊗ U∗i ⊗ Ui, βL(B),•

with over-under half braiding
(2.9) β
ou
Lou(B),A
=
⊗
i∈I(C)
(βB,A ⊗ IdU∗i ⊗Ui) ◦ (IdB ⊗ βU∗i ,A ⊗ IdUi) ◦ (IdB⊗U∗i ⊗ β
−1
Ui,A
)
which has graphical representation
βou
Lou(B),A =
⊕
i∈I(C)
B i i A
On morphisms the functor is defined as Lou(f) =
⊕
i∈I(C) f ⊗ IdU∗i ⊗Ui . Note that this is a
faithful functor [KR09, Lemma 2.22], but not a tensor functor since it doesn’t map the identity
on B to the identity of Z(B). Nevertheless it transports Frobenius algebras from one category
to the other preserving symmetry.
Proposition 2.7. [KR09, Proposition 2.25] For A a Frobenius algebra in B, the object Lou(A)
has the structure of a Frobenius algebra in Z(B). In addition, A is symmetric special, if and
only if Lou(A) is symmetric special.
For finite categories A, B there exist a tensor product of categories.
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Definition 2.8. The Deligne tensor product A⊠ B has objects finite sums
(2.10)
⊕
Ai ⊠Bi, Ai ∈ A, Bi ∈ B
and morphism spaces
(2.11) HomA⊠B(A1 ⊠B1, A2 ⊠B2) = HomA(A1, A2)⊗K HomB(B1, B2) .
If A,B are fusion, their tensor product is also fusion with representatives for simple objects
given by Ui⊠ Vj where Ui (Vj) are representatives of simple objects in A (B). For A,B braided
tensor categories, A⊠ B is also a braided tensor category with tensor product
(2.12) (A1 ⊠B1)⊗ (A2 ⊠B2) ≡ (A1 ⊗A2)⊠ (B1 ⊗B2)
and braiding
(2.13) βA⊠B(A1⊠B1),(A2⊠B2) = βA1,A2 ⊠ βB1,B2
For a finite ribbon category C let C be the category with the same objects and morphisms but
with inverse braiding and twist. In its most general form (even dropping semisimplicity) the
following theorem is proven in [Shi19].
Theorem 2.9. [Shi19, Theorem 3.3] Let C be a finite ribbon category. If C is modular there is
a braided equivalence
(2.14)
C⊠ C→ Z(C)
(A⊠B) 7→ (A⊗B, βouA⊗B,•) .
Conversely if C⊠ C ≃ Z(C) are braided equivalent, C is modular.
This implies in particular that the finite set of simple objects in Z(C) is given by (Ui⊗Uj, βouij,•)
for i, j ∈ I(C).
3. Cardy Algebras
In a series of paper [HK07][Kon08b][HK10][Hua91][Hua97a][Hua03][Hua05a][HK04] Huang
and Kong gave a rigorous formulation of genus 0,1 two dimensional open-close conformal field
theory in the language of partial operads. A textbook account of the results appeared in
[Hua97b]. The major outcome can be described in purely categorical terms and is given by
the notion of a Cardy algebra. The abstract formulation and its relation to sewing constraints
was developed in [KR09, KLR14]. Though we don’t need it in the core of the paper, we still
spend the next paragraph giving some intuition from CFT for the abstract formulation about
to come.
One way of formalizing two dimensional CFT is given by vertex operator algebras (VOA)
which describe the chiral and antichiral symmetry algebras in full CFT. Roughly speaking a
VOA encodes the operator-state correspondence and operator product expansions (OPEs). It
has an underlying graded state space V and a vertex operator map Y : V → End(V )[[z−1, z]],
where z is a (formal) coordinate on the complex plane. There is a well studied notion of
representations of VOAs including fully reducible and irreducible representations. Under the
assumption that V is a rational VOA 1 its representation category RV is a modular tensor
category. Assuming that a CFT at hand has chiral symmetry algebra V L and antichiral sym-
metry algebra V R, both of which are rational, the closed state space decomposes into a sum
Hcl =
⊕
ij NijH
L
i × H
R
j , where H
L
i , H
R
j are the simple representations in RV L and RV R
respectively. Hence it is naturally an object in RV L ⊠RV R . From a physics perspective the
crucial object to compute are correlation functions, which in our situation split into products
of chiral and antichiral correlation functions. It is well know that chiral correlation functions
have an expansion in terms of so called conformal blocks which contain all the information
about conformal weights and insertion points of the chiral insertions. Three point conformal
1For the precise definition see e.g. [HUA05b, Theorem 3.9].
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blocks B(v1, v2, v3) on the sphere for field insertions vi ∈ HLi at (z3, z2, z1) = (∞, z, 0) can be
described in terms of intertwining operators
(3.1) Y321(z) : H1 → Hom(H2, H3)[[z
−1, z]]
satisfying
(3.2) B(v1, v2, v3) = 〈v3,Y(v1, z)v2〉H3
where 〈 • , • 〉H3 is a well defined invariant inner product on H3
2. The map Y321(z) is said to
be of type
(
H3
H2 H1
)
and the dimension of the vector space of intertwiners of type
(
Hk
Hi Hj
)
are
precisely the fusion rules Nkij . Intertwining operators have an algebra structure, the so called
intertwining operator algebra (IOA). The upshot is that the OPE algebra in the CFT can be
conveniently casted in the form of intertwining operators and the state space Hcl inherits an
algebra structure in RV L ⊠RV R from the tensor product of chiral and antichiral IOAs. Under
the assumption that Hcl carries a non degenerate invariant bilinear form (which we assume in
the presentation of intertwiners above already) Hcl becomes a commutative Frobenius algebra
with trivial twist in RV L ⊠ RV R . The genus one enhancement is possible if it is in fact a
modular invariant Frobenius algebra, a notion we discuss shortly in categorical terms. So far
the discussion was solely for closed states.
Including boundaries one also has to consider open states, which due to their localization on
some boundary have only half of the symmetry of closed states. Hence a boundary CFT with
symmetry algebra V has an open state space Hop =
⊕
iNiHi. Following the same lines as in
the closed case, the open state space becomes a symmetric Frobenius algebra in RV . Note that
it will in general not be commutative owing to the fact that field insertions on an interval can’t
be interchanged along the interval.
Lastly boundary and bulk fields should interact, i.e. there are bulk-boundary OPEs for bulk
fields approaching the boundary. This should correspond to a map ιcl−op : Hcl × Hop → Hop
satisfying certain compatibility relations. For this to work, we have to assume that left and
right symmetry algebra of the closed theory agree. First of all, ιcl−op should be an algebra map,
since taking first bulk OPEs and then approaching the boundary and taking bulk-boundary
OPEs better give the same as first approaching the boundary and taking bulk-boundary OPEs
followed by taking boundary OPEs. Next it should be compatible with boundary OPEs and
lastly it should commute with boundary OPEs as bulk fields can be transported along the bulk
as shown in figure 4.
Figure 4. The closed field insertion is moved along the half circle through
the bulk past the open insertion (red dot).
Dually we could consider a map ι∗cl−op : Hop → Hcl mapping open field insertions to boundary
states in the closed theory. Though only discussed heuristically we note that this can be made
entirely concrete. It is shown e.g. in [Kon08a, Proposition 2.8] that an appropriate rescaling of
ι∗cl−op exactly constructs Ishibashi states. It is well known that Ishibashi states in general don’t
correspond to true boundary states. Only linear combinations of Ishibashi states satisfying the
Cardy condition are valid boundary states due to open-close duality.
As stated in section 2 for a modular tensor category C, there is a braided equivalence C⊠C ≃
Z(C). As an open-closed CFT necessarily has coincident left and right symmetry algebras the
appropriate representation category for the closed theory to take place is RV⊗V ≃ RV ⊠RV .
2We again refer to e.g. [HK07, section 3] for the precise details of invariant bilinear forms on representations
of VOAs.
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To match the description for string-net spaces we formulate Cardy algebras in terms of Z(RV )
instead of RV ⊠RV .
Definition 3.1. Let (A,mA, ηA,∆A, ǫA) and (B,mB , ηB,∆B, ǫB) be Frobenius algebras in a
monoidal category C and f ∈ HomC(A,B). The morphism f † ∈ HomC(B,A) is defined as
f † = f
B A
Definition 3.2. [KR09, Definition 3.7] Let C be a modular tensor category. A (C|Z(C))-Cardy
algebra (Hcl,Hop, ιcl−op) is the data of
A) a commutative symmetric Frobenius algebra (Hcl,mcl, ηcl,∆cl, ǫcl) in Z(C).
B) a symmetric Frobenius algebra (Hop,mop, ηop,∆op, ǫop) in C.
C) a morphism ιcl−op ∈ HomZ(C)(Hcl, Lou(Hop)).
This has to satisfy the following conditions
I) Hcl has to be modular, i.e. there is the equality
=
Hcl i⊗ j
didj
D2
Hcl
i⊗ j
α
Hcl
i⊗ j
α
∑
α
Hcl
II) ιcl−op is an algebra homomorphism.
III) The center condition holds:
=
Hcl Lou(Hop)
Lou(Hop)
ι
ι
Hcl Lou(Hop)
Lou(Hop)
IV) The Cardy condition holds:
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=
Lou(Hop)
Lou(Hcl)
ι†
ι
Lou(Hop)
Hcl
Definition 3.3. Amorphism between (C|Z(C))-Cardy algebras (Hcl,Hop, ιcl−op) and (Gcl, Gop, ι′cl−op)
is a pair of maps fcl ∈ HomZ(C)(Hcl, Gcl), fop ∈ HomC(Hop, Gop) s.th.:
I) Both, fcl and fop, are homomorphisms of Frobenius algebras.
II) The following diagram commutes
Hcl Gcl
Lou(Hop) Lou(Gop) .
fcl
ιcl−op ι′cl−op
Lou(fop)
Using the map (•)†, it is not hard to show that any morphism of Frobenius algebras has
an inverse (see [KR09, Lemma 2.18]). Thus any morphism of Cardy algebras is in fact an
isomorphism.
4. String-Net Spaces
String-net spaces can be seen as a higher genus enhancement of graphical calculus for spher-
ical categories which reduces to the usual graphical calculus on every embedded disk. For a
surface S with boundary ∂S, let Γ ⊂ S be an embedded, finite, oriented graph, which we always
consider up to isotopy. Γ is required to intersect the boundary in one valent vertices of Γ. For
an edge e the same edge with reversed orientation is denoted by e.
Definition 4.1. Let C be a spherical fusion category. A C-coloring of Γ is an assignment of an
object A(e) ∈ C to any edge e s.th. A(e) = A(e)∗. To a vertex v with incident edges e1, . . . , en,
taken in counterclockwise order, a C-coloring assigns an element
(4.1) φ ∈ 〈A(o1), . . . , A(on)〉
where oi is the edge ei oriented away from v. Hence if an edge is oriented towards a vertex
and colored with A, the morphism corresponding to the vertex is an element in 〈· · ·A∗ · · ·〉.
An isomorphism of colorings is a collection of isomorphisms fe : A(e) → B(e) respecting
orientations and mapping φ(v) = f ◦ φ′(v). The boundary value for a C-colored graph is the
pair (p,A) with p = {Γ ∩ ∂S} and A is the list of colorings of edges incident to the boundary
vertices.
Colored vertices have the graphical representation as coupons introduced in section 2. Let
D ⊂ S be an embedded closed disk whose intersection with V (Γ) are only one valent vertices.
Let {A(e1), . . . , A(en)} be the colors of edges of Γ intersecting ∂D, taken in counterclockwise
order. Then there is a unique surjective evaluation map [Kir11]
(4.2) 〈•〉D : Γ ∩D → 〈A(o1), . . . , A(on)〉
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, where we again use the notation oi for the edge ei with orientation towards the boundary
∂D. The evaluation map satisfies some natural properties stated in [Kir11, Theorem 3.4,Corol-
lary 3.5]. The properties include local relations Γ1 ∩D = Γ2 ∩D which have to be understood
in the sense that 〈Γ1 ∩D〉D = 〈Γ2 ∩D〉D. One of these relations is e.g.
=coevA
A A A
and the fact that vertices lying in a disk can always be merged into a single coupon.
Definition 4.2. To any surface S there is an associated vector space
(4.3)
VGraph(S,A) = formal finite K-linear combinations of colored graphs with
boundary value A
Definition 4.3. Let Γ =
∑
xiΓi ∈ VGraph(S,A) andD ⊂ S be an embedded disk intersecting
Γ transversally. The graph Γ is a null graph if Γi|S\D = Γj|S\D and
(4.4) 〈Γ〉D =
∑
xi 〈Γi〉D = 0
The vector space of all null graphs with fixed boundary value will be denoted NGraph(S,A).
Definition 4.4. The string-net space on a surface with boundary value A is defined to be
(4.5) H(S,A) =
VGraph(S,A)
NGraph(S,A)
.
So far boundary conditions are just sets of points on the boundary labeled by objects of C. Of
course boundary conditions should be subject to some natural relation as described in [Kir11,
section 6], which turn them into a category of boundary conditions. Let N be an oriented one
dimensional manifold and {p1, . . . , pn} ⊂ N a finite subset of points. Let B(N) be the category
with objects ({p1, . . . , pn} , {B1, . . . , Bn}) ≡ B, where Bi ∈ C and morphism spaces are given
by
(4.6) HomB(N)(B,B
′) ≡ H(N × I×;B∗,B) .
The category of boundary values is defined to be the Karoubi envelope of B(N), which by abuse
of notation will be denoted by the same symbol. This category has all the nice properties to
be expected, e.g. B(N) ≃ B(N ′) for N ≃ N ′ and B(N ⊔N ′) ≃ B(N)⊠ B(N ′).
Lemma 4.5. [Kir11, Theorem 6.4] There are equivalences of categories B(S1) ≃ Z(C) and
B(R) ≃ C.
Using this, one can give an enhancement of string-net spaces taking excited states on the
boundary of a surface into account. Let S be a surface with boundary ∂S and B ∈ B(∂S). The
extended string-net space is defined as the quotient
(4.7) Hˆs(S,B) =
VGraph(S,B)
NGraph(S,B)
where
(4.8)
VGraph(S,B) = formal vector space of finite K-linear combinations of pairs (f,Γ)
with Γ a graph on S with boundary valueA
and f ∈ HomB(∂S)(A,B)
and
(4.9)
NGraph(S,B) = subspace of null graphs under local relations as before plus
relation (fγ,Γ) = (f, γΓ)where γ ∈ HomB(∂S)(B,B
′),
f ∈ HomB(∂S)(B
′,A)
The following is a result of a series of papers [KB10][Bal10b][Bal10b] and [Kir11, Theorem 7.3].
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Theorem 4.6. Let S be a compact oriented surface of genus g with boundary parameterized
circles and objects A =
{
A1, . . . , A|π0(∂S)| = An
}
objects in Z(C). Then there are isomorphisms
(4.10) Hˆs(S,A) ≃ ZTV,C(S,A) ≃ ZRT,Z(C)(S,A) ≃ HomZ(C)(1, A1 ⊗ · · · ⊗An ⊗ (L)
g
)
where in the last vector space L =
⊗
i∈I(Z(C)) Ui ⊗ U
∗
i .
The following lemma is straightforward.
Lemma 4.7. Let D be a closed disk and A ∈ C. Then Hˆs(D,Lou(A)) = HomC(1, A).
Let P ∈ HomB(S1)(A,A) be the string-net
=
∑
k∈I(C)
dk
D2
k
Figure 5. Drinfeld center projector
which we call the projector and the circle winding around the circumference we call the
projector circle. Graphically elements of the extended string-net spaces are represented by
string-nets with additional projectors P placed at each boundary component as shown in figure
6.
Figure 6. Example of a projected string-net on a genus 1 surface.
5. World Sheets, Sewing Constraints and the Block Functor
In order to define a consistent system of correlators we have to give an appropriate category
of open-closed world sheets for which our construction computes correlators. Since we are con-
sidering open-closed world sheets, this needs a fair bit of data. Luckily an appropriate category
is defined in [FFRS08, KLR14] and the first part of this section recalls this definition as well as
the notion of sewing constraints given in [KLR14, section 3.2]. Most of the problems concerning
open-closed world sheets is caused by properly disentangling open and closed boundaries, which
leads to the orientation double.
Definition 5.1. An open-closed world sheet is the data
(5.1) Sˆ = (S˜, ιS , B
i
S , B
o
S , orS , ord)
where
A) S˜ is an oriented topological surface with boundary ∂S˜.
B) ιS is an orientation reversing involution whose fixed point set is a submanifold. The
quotient S = S˜/ιS is a manifold and πS : S˜ → S is a Z2-bundle.
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C) BiS , B
o
S is a disjoint partition of π0(S˜) in incoming and outgoing boundary components
which is fixed by ιS . Fixed points of the induced map ιS : π0(S˜) → π0(S˜) are called
open boundaries. The set of open boundaries is denoted Bop and its complement in
π0(S˜) is Bcl.
D) orS : S → S˜ is a global section.
E) δS : ∂S˜ → S
1 is a boundary parameterization being a homeomorphism on every con-
nected component s.th. δS ◦ ιS = δS , where • denotes complex conjugation. For a fixed
point b ∈ π0(S˜) of ιS , it has to hold δ|
−1
b (S
1 ∩H) = Im(or)|b.
F) ord : π0(∂S˜) →
{
1, . . . , |π0(S˜)|
}
is an ordering function of boundary components for
which we firstly demand that ord(o) < ord(c) for o ∈ Bop and c ∈ Bcl. Secondly,
for a connected set P ⊂ ∂S having non-trivial intersection with a physical bound-
ary (see the next paragraph) and P˜ ⊂ ∂S˜op with πS(P˜ ) ⊂ P there has to exist an
n ∈
{
1, . . . , |π0(S˜)|
}
s.th. ord(P˜ ) =
{
n, n+ 1, . . . , n+ |P˜ | − 1
}
where the ordering of
components is cyclically along the orientation of P .
Definition 5.2. A sewing of a world sheet Sˆ has data
A) a subset SB ⊂ BiS ×B
o
S s.th. if (i, o) ∈ SB there are no elements (i, o
′) or (i′, o) in SB.
B) for (i, o) ∈ SB it follows that (ιS(i), ιS(o)) ∈ SB.
C) either (i, o) ∈ Biop ×B
0
op or (i, o) ∈ B
i;l,r
cl ×B
o;l,r
cl .
The sewn world sheet Ŝ(S) has
I) S˜(S) = S˜/ ∼, where δ|−1i (z) ∼ δ
−1|o (−z). Let πS : S˜ → S˜(S) be the projection.
II) condition B) ensures that there is a well defined involution ιS(S) defined via ιS(S) ◦πS =
πS ◦ ιS .
III) BiS(S) =
{
i ∈ BiS |(i, •) /∈ SB
}
and BoS(S) = {o ∈ B
o
S |(•, o) /∈ SB}
IV) orS(S) is the unique section whose image in S˜(S) is πS(S) ◦ orS .
There is an additional requirement on the ordering function. For the details we refer to
[KLR14]. Note that the glueing defined above gives in addition a glueing projection SS : S →
S(S) given by SS = πS(S)◦πS◦orS . We will be mainly concerned with S instead of its orientation
double S˜. Its boundary components decompose into three different types: open, closed and
physical.
Figure 7. The quotient surface of a genus 3 open-closed world sheet with
closed boundaries shown in purple. Open boundaries are colored green and
physical boundaries are red.
i) Closed boundaries: A point p ∈ ∂S is on a closed boundary if its preimages under πS lie
on different connected components of ∂S˜. This implies that connected components of
closed state boundaries are homeomorphic to S1. Their preimages are pairs (bcl, ιS(bcl))
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of connected components of boundaries in S˜ and orS identifies them with one of the
two boundaries.
ii) Open boundaries: A point p ∈ ∂S is on an open boundary if its preimages under πS
are on the same connected component in ∂S˜. Hence its preimage is on a component
bop ∈ Bop. Since ιS was orientation reversing it acts on bop as a reflection. A reflection
on S1 has two fixed points and connected components of open boundaries map to one
of the open intervals stretching between the fixed points.
iii) Physical boundaries: p ∈ ∂S is on a physical boundary if its preimage is on the fixed
point set of ιS . In particular, preimages of physical boundaries aren’t boundary com-
ponents of S˜ except for the fixed points of ιS on open components of π0(S˜). Rather
they correspond to curves on S˜ s.th. cutting S˜ along the curves results in two copies
of S mapped to each other by the involution.
Definition 5.3. A homeomorphism of world sheets is a homeomorphism F : S˜ → T˜ s.th.
(5.2) F ◦ ιS = ιT ◦ F, δT ◦ F = δS , F (B
i;o
S ) = B
i,o
T , F ◦ Im(orS) = Im(orT )
The last point implies in particular, that f steps down to a homeomorphism f : S → T
preserving all types of boundaries.
Definition 5.4. The category of world sheets WS has objects world sheets and morphisms
HomWS(Sˆ, Tˆ ) are given by pairs (S, F ) where S is a sewing of Sˆ and F : S˜(S) → T˜ is a
homeomorphism of world sheets. For the definition of the composition we refer to [KLR14].
WS is a symmetric monoidal category with the usual tensor product given by disjoint union.
In addition two morphisms (S1, F1), (S2, F2) in WS are homotopic if S1 = S2 and F1, F2 are
isotopic maps.
Definition 5.5. Let Fun⊗(WS,Vect) be the category of symmetric monoidal functors assigning
the same map to homotopic sewings. Morphisms are monoidal natural transformations.
5.1. Generating Set and Sewing Constraint Relations. The category WS has an over-
complete set of generating world sheets {Si | i ∈ G} which we give in appendix A. It is generat-
ing in the sense that for any other world sheet S, there exists a list of generating world sheets
S1, . . . , Sn and a morphism (S, F ) : S1⊗· · ·⊗Sn → S. Non of this data needs to be unique. The
generating set allows to reduce the discussion of functors and natural transformations almost
completely to the generating set and a set of relation among them. To be precise, consider
triples of generating data (S, {Si, } , (S, F )) and functors Φ,Ψ ∈ Fun⊗(WS,Vect). In addition
assume that Ψ((S, F )) is an invertible linear map. Consider a collection of linear maps
(5.3) gi : Ψ(Si)→ Φ(Si), i ∈ G
defined for the generating set. To any world sheet S one can associate the map
(5.4) G(S) ≡ Φ((S, F ) ◦ (gi1 ⊗ · · · ⊗ gir ) ◦Ψ((S, F ))
−1
where (S, F ) : Si1 ⊗· · ·⊗Sir → S is the morphism from the generating property. The following
theorem is the crucial simplification for the discussion of natural transformations.
Theorem 5.6. [KLR14, Theorem 2.8] Let Φ,Ψ ∈ Fun⊗(WS,Vect), gi and G as above. Then
G is a monoidal natural transformation if
(5.5) G(Ri,l) = G(Ri,r)
for {Ri,l,r} the 32 fundamental world sheet sewings given in appendix B.
There is an obvious symmetric monoidal functor 1 : WS → Vect called the trivial functor.
It maps any world sheet to K and any morphism to the identity on K. The following definition
of a solution to the sewing constraints is originally due to [FFRS08].
Definition 5.7. A symmetric monoidal functor Θ ∈ Fun⊗(WS,Vect) satisfies the sewing con-
straints if there is a monoidal natural transformation
(5.6) ∆ : 1⇒ Θ .
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We briefly explain why this is a sensible definition for a solution of the sewing constraints.
First of all the monoidal natural transformation ∆ picks a vector in Θ(Sˆ) for any world sheet Sˆ.
In physics terms one may call this the correlator of the surface. Recall that correlators in CFT
on any surface should be invariant under the action of the mapping class group. An element
of the mapping class group gives a morphism (∅, f) and the functor 1 assigns the identity to
it. Thus Θ(∅, f) has to map the correlator onto itself by naturality. By the same argument of
triviality for 1 and naturality, correlators on lower genus surfaces are sewn to correlators on
higher genus surfaces. Hence this definition nicely captures all the features expected from a
consistent set of correlators.
6. Consistent Correlators from String-Nets
For a consistent set of correlators we need a sensible functor of open-closed conformal blocks.
This is achieved with the help of string-nets spaces. Let (Hcl,Hop, ιcl−op) be a (C|Z(C))-Cardy
algebra. To a world sheet Sˆiop,icl|oop,ocl with iop/ icl incoming open/ closed boundaries and
oop/ ocl outgoing open / closed boundaries we associate the vector space
(6.1) Bl(Sˆ) = Hˆs
(
S,Lou(Hop),Hcl
)
where we introduced the notation Lop (Hop) = ˜Lou(Hop)1 ⊗ · · · ⊗
˜Lou(Hop)iop+oop with
(6.2) ˜Lou(Hop) =
{
Lou(Hop), for outgoing boundary
Lou(Hop)
∗, for incoming boundary
.
and similar for Hcl. Factors of incoming and outgoing insertions in the tensor product are
inserted in the order given by the ordering function on the world sheet. Hence we assign to
a world sheet the string-net space on its quotient surface decorated by the ingredients of the
Cardy algebra. To the sewing part of a morphism (S, F ) in WS, Bl assigns the map on string-
net spaces given by stacking string-nets according to the induced sewing on S. Since the map
F steps down to a homeomorphism on quotients, it gives a linear map on string-net spaces.
Thus morphisms get mapped to the operation of stacking string-nets followed by a linear map.
The following is straightforward.
Proposition 6.1. The map Bl : WS→ Vect is a symmetric monoidal functor.
It is worthwhile analyzing which vector spaces the functor assigns to generating world sheets.
I) Open World Sheets: The quotient surfaces of open generating world sheets are all
homeomorphic to a disk, though with different numbers of incoming and outgoing open
boundaries. For a disk D(ni, no) with ni incoming open boundaries and no outgoing
open boundaries we get the vector space
(6.3) Bl(D(ni, n0)) = Hˆ
s(D,Lou (Hop)) = HomZ(C)(1, Lou (Hop)) ≃ HomC(1,Hop) .
II) Closed World Sheets: In this case the quotient surface is topologically a sphere
with ni incoming closed boundaries and no outgoing closed boundaries. With the same
notation as in the open case we get the vector space
(6.4) Bl(S2(ni, no)) = Hˆ
s(S2,Hcl) = HomZ(C)(1,Hcl) .
III) Open-ClosedWorld Sheets: Finally open-closed generating world sheets get mapped
(6.5)
Bl(I) = Hˆs(I, Lop(Hop)⊗H
∗
cl) ≃ HomZ(C)(1, Lop(Hop)⊗H
∗
cl)
Bl(I†) = Hˆs(I†, Lop(Hop)
∗ ⊗Hcl) =≃ HomZ(C)(1, Lop(Hop)
∗ ⊗Hcl) .
Thus Bl associates to generating world sheets the vector spaces expected from the categorical
description of RCFTs.
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6.1. Fundamental Correlators on Generating World Sheets. For a consistent system
of correlators we have to give fundamental correlators on generating world sheets and show
the sewing constraints for this set of correlators. We start by defining fundamental correlators
for Cardy algebra (Hcl,Hop, ιcl−op). In the following purple curves always denote edges of
graphs colored by Lou(Hop). Orange curves are edges colored by Hcl. Incoming and outgoing
boundaries should be clear from the orientation of edges. Trivalent disk-shaped vertices either
denote multiplication or comultiplication in Frobenius algebras Hcl, Lou(Hop). Similarly one-
valent disk-shaped vertices are either unit or counit. In both cases orientation of edges fix the
kind of morphism assigned, so we suppress another graphical distinction between the two.
I) Open World Sheets:
corropprop corr
op
m corr
op
∆
corropη corr
op
ǫ
Figure 8. Open fundamental correlators.
Note that for these world sheets the inserted projector is absent as it can be isotoped
to a point and therefore vanishes.
II) Closed World Sheets:
corrclprop corr
cl
m corr
cl
∆ corr
cl
η corr
cl
ǫ
Figure 9. Closed fundamental correlators.
III) Open-Closed World Sheets:
World sheets I, I† are topologically cylinders and a single projector line is inserted.
Boxes denote the morphisms ιcl−op or ι
†
cl−op, where again the orientation of edges
displayed fixes the type of morphism.
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corrI corrI†
Figure 10. Open-closed fundamental correlators.
We are now ready to state and prove the first main result of the paper.
Theorem 6.2. The correlators
(6.6)
{
corr
op
prop, corr
op
m , corr
op
∆ , corr
op
η , corr
op
ǫ , corr
cl
prop, corr
cl
m, corr
cl
∆, corr
cl
η , corr
cl
ǫ , corrI , corrI†
}
satisfy the sewing constraints.
In order to show the theorem we have to show that the correlators on both world sheets for
all 32 relations in appendix B agree. We split the proof in several lemmas.
Lemma 6.3. The correlators
(6.7)
{
corr
op
prop, corr
op
m , corr
op
∆ , corr
op
η , corr
op
ǫ
}
satisfy all open relations.
Proof. This is the easiest part of the theorem as string-nets on disks can be manipulated
according to the graphical calculus of its coloring category. It is immediate that the relations
directly follow from the fact that Lou(Hop) is a symmetric Frobenius algebra in Z(C). Relations
R1)-R4) are unit and counit properties. R5) is satisfied as Lou(Hop) is a symmetric Frobenius
algebra. Relations R6) and R7) are (co-)associativity for (co-)multiplications. Next, R8) and
R9) are the Frobenius property and finally the last four relations R10)-R13) are just the fact
that composing with corropprop leaves any morphism invariant in the graphical calculus. 
Lemma 6.4. The correlators
(6.8)
{
corr
cl
prop, corr
cl
m, corr
cl
∆, corr
cl
η , corr
cl
ǫ
}
satisfy all closed relations.
Proof. Again the first six relations R14)-R19) directly follow from (co-)unit properties and
isotopy of the diagrams when composing with the propagator diagram. R20) and R21) follow
again from (co-) associativity plus the fact that projector circles can be dragged from one side
to the other. That this is the case is already shown in [SY19, section 3.7]. Since the main
argument of dragging curves along projector circles will appear many times in the following,
we refrain from displaying the graphical proof once again here.
From the same argument and Frobenius property of Hcl it follows that relations R22) and
R23) are satisfied. More interesting relations are the Dehn twist R24) and the braid move R25).
For the Dehn twist we have
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=
∑
k,l∈I
dkdl
D2
α
α
k
l
= =
In the first two equalities we used the completeness relation. The last equality holds as Hcl has
trivial twist. The braid move follows again by the argument given in [SY19, section 3.6] and is
similar to the Dehn-twist. 
Lemma 6.5. All open-closed relations are satisfied.
Proof. We start with relation R26). As the picture suggests this will follow from the center
condition of ιcl−op.
=
∑
i,k∈I
didk
D2
= =
α α
i
k
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Where we again use completeness followed by the center condition.
Next we prove relation R27):
=
where we see the obvious equality from ιcl−op being an algebra homomorphism. Form the same
reasoning it follows that relation R30) is satisfied. Relations R29) and R28) are consistency
checks for the definition of ιcl−op and ι
†
cl−op. We show R28), the other one goes exactly the
same.
=
= =
In the first picture red dashed lines indicate where we glued world sheets. In the second
equality we used the projector property and in the third equality we inserted the definition of
the morphism ι†. For the Cardy condition R31) we again have to drag along projection circles:
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∑
i,k
didk
D2
= =
= k
iα
α

Lemma 6.6. The genus one one point correlator is invariant under the S-move.
Proof. The proof of R32) is again graphical and given by the following steps.
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=
∑
i,j∈I
j
i
β
β
=
∑
i,j∈I
didj
D2
j
i
=
∑
i,j,k,l∈I
didjdkdl
D4
j
i
α
α
l
k
=
∑
i,j∈I
didj
D2
j
i
=
∑
i,j,r∈I
didjdr
D2
j
i
r
α
α
=
∑
r,i∈I
didr
D2
r
i
=
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Figure 11. A genus 3 surface S3,6 with a-cycles respectively b-cycles shown
in green and blue. Red circle show boundary generators in H1(S3,6).
The first equality uses the complete basis for elements in the Drinfeld center but in a different
normalization. Graphically this is indicated by using squares instead of round coupons. Note
that there is no extra factor for the quantum dimension in this case. The second step is the
modular property for Hcl. In the third step we transported the projector circle along the torus
and inserted the completeness relation in order to drag the Hcl-colored curve along the circle
in the fourth step. Using again completeness and finally lemma 2.1 yields the result. 
This completes the proof of Theorem 6.2.
6.2. From Sewing Constraints on String-Net Spaces to Cardy Algebras. In the previ-
ous section we defined a fixed set of fundamental correlators and showed that the properties of a
Cardy algebra leads to a solution of the sewing constraints for these fundamental correlators. In
this section we go the other way round, i.e. we assume that a solution to the sewing constraints
for the functor Bl exists and show that this gives in fact a (C|Z(C))-Cardy algebra. A string-
net on a surface of genus g with n boundary components can have finitely many connected
components winding non-contractible 1-cycles on the surface. However, on projector decorated
surfaces things simplify considerably. Recall that the first homology group of a compact surface
Sg,n of genus g with n boundary components has 2g + n generators. The first 2g-generators
are the usual a- and b-cycle running around holes of tori. The other n generators are simple
closed curves homotopic to the boundary (see figure 11.).
Proposition 6.7. Let Sg,n be a compact surface of genus g with n boundary components and
A1, . . . , An ∈ Z(C). Any element in Hˆ
2(Sg,n, A1, . . . , An) is equivalent to a string-net with
trivial winding around boundary generators of H1(Sg,n).
Corollary 6.8. For S0,n a sphere with n boundary components any string-net in
Hˆs(S0,n, A1, . . . , An) is equivalent to a string-net with a single coupon.
Proof. This is the same argument we already used over and over again when manipulating
string-nets. Assume a string-net has non-trivial winding along a boundary component. In an
annular neighborhood of the boundary the string-net can be manipulated as follows
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=
∑
k,l
dkdl
D2
α α
k
l
=
. Orientation of curves is chosen arbitrarily in the picture. For any other orientation the
computation is exactly the same. 
The proposition and its corollary imply that any string-net on a generating world sheet is of
the form shown in Figures 8, 9, 10 where disk-shaped vertices are now fixed morphisms of the
right type. Assume a boundary coloring by the closed object Ĝcl and open object Lou(Ĝop),
i.e. closed boundaries of a world sheet have boundary value Ĝcl and open ones Lou(Ĝop). For
example, on the world sheet Cm the vertex corresponds to a morphism m̂cl : Ĝcl ⊗ Ĝcl → Ĝcl
in Z(C). On C∆ the vertex is a morphism ∆̂cl : Ĝcl → Ĝcl ⊗ Ĝcl and so on. We have to take
special care of world sheets Oprop and Cprop. Those give rise to maps
(6.9) pˆop ∈ HomZ(C)(Lou(Ĝop), Lou(Ĝop)), pˆcl ∈ HomZ(C)(Ĝcl, Ĝcl).
Assuming the sewing constraints hold it readily follows that pˆop and pˆcl are idempotent maps.
In the previous discussion these maps were fixed to be the identity maps. Thus we may make
the additional assumption that pˆop, pˆcl are invertible, which by finiteness of the morphism
spaces implies that pˆop = Id and pˆcl = Id. But we don’t have to. Since Z(C) is abelian we can
choose a retract (Gcl, ecl, rcl) for pˆop, pˆcl, i.e.
(6.10)
ecl : Gcl → Ĝcl, rcl : Ĝcl → Gcl
ecl ◦ rcl = pˆcl, rcl ◦ ecl = IdGcl .
Since Lou, F are faithful functors there is a unique idempotent p ∈ HomC(Ĝop, Ĝop) s.th.
Lou(po) = pˆo. We can choose a retract (Gop, eo, ro) for po in C. This gives a retract
(Lou(Gop), Lou(eo), Lou(ro)) for pˆo in Z(C). On their images Gcl, Gop the propagator mor-
phisms act as the identity and sewing constraints realize a (C|Z(C))-Cardy algebra on Gcl, Gop
rather than on Ĝcl, Lou(Ĝop).
Theorem 6.9. Given any set of fundamental string-nets on generating world sheets with closed
boundary values Ĝcl and open boundary values Lou(Ĝop) which satisfy the sewing constraints
defines a (C|Z(C))-Cardy algebra (Gcl, Gop, ιcl−op), which is unique up to isomorphism.
Proof. As discussed above from fundamental world sheets we get the following ten maps
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Om O∆ Oη Oǫ Cm C∆ Cη Cη I I
†
mop ∆op ηop ǫop mcl ∆cl ηcl ǫcl ι ι
†
Table 1. The first row states the type of world sheet and the second row the
corresponding maps.
where the morphisms are
(6.11)
mop = ro ◦ m̂op ◦ (eo ⊗ eo) : Gop ⊗ Gop → Gop
∆op = (ro ⊗ ro) ◦ ∆̂op ◦ eo : Gop → Gop ⊗ Gop
ηop = ro ◦ η̂op : 1→ Gop
ǫop = ǫ̂op ◦ eo : Gop → 1
mcl = rcl ◦ m̂cl ◦ (ecl ⊗ ecl) : Gcl ⊗ Gcl → Gcl
∆cl = (rcl ⊗ rcl) ◦ ∆̂cl ◦ ecl : Gcl → Gcl ⊗ Gcl
ηcl = rcl ◦ η̂cl : 1→ Gcl
ǫcl = ǫ̂cl ◦ ecl : Gcl → 1
ιcl−op = Lou(ro) ◦ ι̂cl−op ◦ ecl : Gcl → Lou(Gop)
ι†cl−op = rcl ◦
̂
ι†cl−op ◦ Lou(eo) : Lou(Gop)→ Gcl.
The hatted morphisms are the maps appearing in the coupons for the string-nets. Since the
graphical representation of fundamental correlators stays the same, the proofs in section 6.1
can be just run backwards giving the defining relations of a (C|Z(C))-Cardy algebra for these
morphisms. For the uniqueness part suppose we have chosen another set of retracts (G′cl, e
′
cl, r
′
cl)
and (Lou(G
′
op), Lou(e
′
o), Lou(r
′
o)), then it is easy to see that fo = ro ◦ e
′
o : G
′
op → Gop and
fcl = rcl ◦ e′cl : G
′
cl → Gcl are isomorphisms of Frobenius algebras and in addition the diagram
G′cl Gcl
Lou(G
′
op) Lou(Gop)
fcl
ι′cl−op
ιcl−op
Lou(fo)
commutes. 
7. Conclusion
In this paper we have shown how string-nets on topological surfaces generate solutions to
open-closed sewing relations. The major advantage of string-nets is the transportation of cat-
egorical graphical calculus onto surfaces, which allows to use the defining conditions for Cardy
algebras directly when solving the sewing constraints. There are some open ends related to this
work. First of all, as noted in [SY19] one could further generalize the results including defects.
This seems likely to be possible using the description of defect world sheets given in [FFS12].
Furthermore the qualifyer ”rational” may be given up, leading to a more general notion of
modular tensor categories, which are not fusion. As shown in [FS17][FGSS18] many of the cat-
egorical description can be transported to this situation by replacing sums over simple objects
by coends. Since dragging curves along projector circles was the crucial point in manipulating
string-nets for fusion categories there should be an appropriate procedure for string-nets with
non-fusion colorings.
Constructions of open-close interaction using curves on surfaces have appeared in [KLP03][KP06]
in the form of the Arc-operad. Since the graphical representation of the construction very much
resembles string-nets, there may be a connection between the two approaches. In general one
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may wonder about a (wheeled) PROP-description of string-nets since null graphs give a pasting
scheme for string-net diagrams. We plan to address some of these questions in future work.
Appendix A. Generating World Sheets and Sewing Relations
In this appendix we give all the generating world sheets in WS and relations for sewing
constraints in theorem (5.6).
A.1. Generating World Sheets. The following figures display the quotients of the orienta-
tion double for generating world sheets.
I) Open World Sheets:
Oprop Om O∆ Oη Oǫ
Purple colored parts of the boundary correspond to open boundaries. Black bound-
aries are physical boundaries.
II) Closed World Sheets:
Cprop Cm C∆ Cη Cǫ
III) Open-Closed World Sheets:
I I†
Appendix B. Sewing Relations
In the following figures red curves indicate how the world sheet displayed is glued from easier
parts. The blue flag on glueing curves indicate the direction of glueing. For the part containing
the flag an incoming boundary is glued. In the figures blue boundaries denote in-boundaries
and green ones correspond to out-boundaries.
I) Open Relations:
←→ ←→
R1) R2)
←→ ←→
R3) R4)
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←→
R5)
←→ ←→
R6) R7)
←→ ←→
R8) R9)
←→ ←→
R10) R11)
←→ ←→
R12) R13)
II) Closed Relations:
←→ ←→
R14) R15)
←→ ←→
R16) R17)
←→ ←→
R18) R19)
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←→
R20)
←→
R21)
←→ ←→
R22) R23)
In the picture of the Dehn-twist and braid move the red dashed lines are not glueing
lines, but auxiliary curves to display the action of the elements of the mapping class
group corresponding to the moves.
←→ ←→
R24) R25)
III) Open-Closed Relations
←→ ←→
R26) R27)
←→ ←→
R28) R29)
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←→ ←→
R30) R31)
IV) Genus 1 Relation: The genus one move takes place on a torus with one boundary
component and interchanges a- and b-cycle of the torus as indicated by the colors.
←→
R32)
References
[Bal10a] Benjamin Balsam. Turaev-viro invariants as an extended tqft ii. arXiv e-prints, 2010.
[Bal10b] Benjamin Balsam. Turaev-viro invariants as an extended tqft iii. arXiv e-prints, 2010.
[BK01] Bojko Bakalov and A.A. Kirillov. Lectures on tensor categories and modular functors. Amer. Math.
Soc. Univ. Lect. Ser., 21:221, 01 2001.
[EGNO16] Pavel Etingof, Shlomo Gelaki, Dmitri Nikshych, and Victor Ostrik. Tensor categories, volume 205.
American Mathematical Soc., 2016.
[FFRS06] Jens Fjelstad, Jurgen Fuchs, Ingo Runkel, and Christoph Schweigert. TFT construction of RCFT
correlators. V. Proof of modular invariance and factorisation. Theor. Appl. Categor., 16:342–433,
2006.
[FFRS08] Jens Fjelstad, Jurgen Fuchs, Ingo Runkel, and Christoph Schweigert. Uniqueness of open / closed
rational CFT with given algebra of open states. Adv. Theor. Math. Phys., 12(6):1283–1375, 2008.
[FFS12] Jens Fjelstad, Jurgen Fuchs, and Carl Stigner. RCFT with defects: Factorization and fundamental
world sheets. Nucl. Phys. B, 863:213–259, 2012.
[FGSS18] Ju¨rgen Fuchs, Terry Gannon, Gregor Schaumann, and Christoph Schweigert. The logarithmic Cardy
case: Boundary states and annuli. Nucl. Phys. B, 930:287–327, 2018.
[FRS02] Jurgen Fuchs, Ingo Runkel, and Christoph Schweigert. TFT construction of RCFT correlators 1.
Partition functions. Nucl. Phys. B, 646:353–497, 2002.
[FRS04a] Jurgen Fuchs, Ingo Runkel, and Christoph Schweigert. TFT construction of RCFT correlators. 2.
Unoriented world sheets. Nucl. Phys. B, 678:511–637, 2004.
[FRS04b] Jurgen Fuchs, Ingo Runkel, and Christoph Schweigert. TFT construction of RCFT correlators. 3.
Simple currents. Nucl. Phys. B, 694:277–353, 2004.
[FRS05] Jurgen Fuchs, Ingo Runkel, and Christoph Schweigert. TFT construction of RCFT correlators IV:
Structure constants and correlation functions. Nucl. Phys. B, 715:539–638, 2005.
[FS17] Ju¨rgen Fuchs and Christoph Schweigert. Consistent systems of correlators in non-semisimple con-
formal field theory. Adv. Math., 307:598–639, 2017.
[Har19] Leonard Hardiman. A graphical approach to the drinfeld centre, 2019.
[HK04] Yi-Zhi Huang and Liang Kong. Open-string vertex algebras, tensor categories and operads.
Communications in mathematical physics, 250(3):433–471, 2004.
[HK07] Yi-Zhi Huang and Liang Kong. Full field algebras. Commun. Math. Phys., 272:345–396, 2007.
[HK10] Yi-Zhi Huang and Liang Kong. Modular invariance for conformal full field algebras. Trans. Amer.
Math. Soc., 362:3027–3067, 2010.
[HK19] Leonard Hardiman and Alastair King. Decomposing the tube category. Glasgow Mathematical
Journal, 62(2):441458, Jun 2019.
[Hua91] Yi-Zhi Huang. Geometric interpretation of vertex operator algebras. Proceedings of the National
Academy of Sciences, 88(22):9964–9968, 1991.
[Hua97a] Yi-Zhi Huang. Intertwining operator algebras, genus-zero modular functors and genus-zero confor-
mal. In Operads: Proceedings of Renaissance Conferences: Proceedings of Renaissance Conferences,
volume 202, page 335. American Mathematical Soc., 1997.
[Hua97b] Yi-Zhi Huang. Two-Dimensional Conformal Geometry and Vertex Operator Algebras, volume 148
of Progress in MAthematics. Birka¨user Boston, 1997.
[Hua03] Yi-Zhi Huang. Riemann surfaces with boundaries and the theory of vertex operator algebras. Fields
Inst. Commun., 39:109, 2003.
CARDY ALGEBRAS, SEWING CONSTRAINTS AND STRING-NETS 31
[Hua05a] Yi-Zhi Huang. Differential equations and intertwining operators. Communications in Contemporary
Mathematics, 7(03):375–400, 2005.
[HUA05b] Yi-Zhi HUANG. Differential equations and intertwining operators. Communications in
Contemporary Mathematics, 07(03):375–400, 2005.
[KB10] Jr. Kirillov, Alexander and Benjamin Balsam. Turaev-Viro invariants as an extended TQFT. arXiv
e-prints, page arXiv:1004.1533, April 2010.
[Kir11] Jr Kirillov, Alexander. String-net model of Turaev-Viro invariants. arXiv e-prints, page
arXiv:1106.6033, June 2011.
[KKR10] Robert Koenig, Greg Kuperberg, and Ben W. Reichardt. Quantum computation with turaevviro
codes. Annals of Physics, 325(12):27072749, Dec 2010.
[KLP03] Ralph M Kaufmann, Muriel Livernet, and Robert C Penner. Arc operads and arc algebras. Geometry
& Topology, 7(1):511–568, 2003.
[KLR14] Liang Kong, Qin Li, and Ingo Runkel. Cardy algebras and sewing constraints, ii. Advances in
Mathematics, 262:604681, Sep 2014.
[KMR10] Zoltan Kadar, Annalisa Marzuoli, and Mario Rasetti. Microscopic description of 2d topological
phases, duality and 3d state sums. Adv. Math. Phys., 2010:671039, 2010.
[Kon08a] Liang Kong. Cardy condition for open-closed field algebras. Communications in Mathematical
Physics, 283(1):2592, Jul 2008.
[Kon08b] Liang Kong. Open-closed field algebras. Commun. Math. Phys., 280:207–261, 2008.
[KP06] Ralph M Kaufmann and RC Penner. Closed/open string diagrammatics. Nuclear Physics B,
748(3):335–379, 2006.
[KR09] Liang Kong and Ingo Runkel. Cardy algebras and sewing constraints, i. Communications in
Mathematical Physics, 292(3):871912, Aug 2009.
[LP08] Aaron D. Lauda and Hendryk Pfeiffer. Openclosed strings: Two-dimensional extended tqfts and
frobenius algebras. Topology and its Applications, 155(7):623666, Mar 2008.
[LW05] Michael A. Levin and Xiao-Gang Wen. String net condensation: A Physical mechanism for topolog-
ical phases. Phys. Rev. B, 71:045110, 2005.
[Shi19] Kenichi Shimizu. Non-degeneracy conditions for braided finite tensor categories. Advances in
Mathematics, 355:106778, 2019.
[SY19] Christoph Schweigert and Yang Yang. CFT correlators for Cardy bulk fields via string-net models.
arXiv e-prints, 11 2019.
Matthias Traube: Max-Planck-Institut fu¨r Physik (Werner-Heisenberg-Institut), Fo¨hringer Ring
6, 80805 Mu¨nchen, Germany
E-mail address: mtraube@mpp.mpg.de
